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Q1: Differentiation-Integration

(a) In an RLC circuit, the charge Q(t) in C on the capacitor varies with time
according to the equation:

Q(t) = 4e3tsin(10t)

where where t is the time in s. The current i(t) in A in the circuit is the rate of
change of charge, i.e.,

d
i(t) = d—(‘z

Differentiate the given equation Q(t) = 4e3'sin(10t) to find i(t)

(10 Marks)

(b) The torque 7 in Nm required to rotate a circular disk varies with the angular
displacement 6 and is given by:

7(8) = 562 + 36

where 6 is the angular displacement in rad. Calculate the work done, W, in J in
rotating the disk from 8 = 0rad to 6 = 2rad

Hint:
e The work done by the torque is given by:
62
W = 7(6)d6
01

(10 Marks)

Total 20 Marks

PLEASE TURN THE PAGE...
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Q2: Second Order Differential Equation
Solve ONE of the TWO parts below:
Part 1:

(a) A mass-spring-damper system consists of a mass m = 2 kg, a spring with
stiffness k = 20 N/m, and a damper with a damping coefficient c = 5 Ns/m. The
displacement x(t) of the mass is described by the following second-order
differential equation:

mx"(t) —cx'(t) —kx(t) =0

where x(t) is the displacement from the equilibrium position in m, and t is time in
S.

Given the initial conditions x(0) = 0.1 m and x'(0) = 0 m/s, solve the equation
analytically to determine the displacement x(t), and describe the nature of the
system’s response (e.g., underdamped, overdamped, or critically damped).

(14 Marks)

(b) Create a table listing the displacement x(t) att = 1s, 2 s and 3 s, based on your
solution from part 1(a).

(6 Marks)
Total 20 Marks

Question 2 continues in the next page...

PLEASE TURN THE PAGE...
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Q2 continued
Part 2:

(a) In a DC motor circuit, the electrical dynamics of the armature are modeled by the
following second-order differential equation:
L d?i(t) di(t)

T~ R— =~ ki() =0

where:

e i(t) is the current through the motor's armature as a function of time,
e L =0.2His the inductance of the motor,

e R =50 is the resistance of the motor’s armature, and

e K = 50is a constant related to the back electromotive force (EMF).

Given the initial conditions:

i(0) = 3 4 and £

dat

=0A4/s

Solve the equation analytically to find the current i(t) as a function of time and
describe the nature of the current response in the motor's armature
(underdamped, overdamped, or critically damped).

(14 Marks)

(b) Create a table listing the current i(t) for t = 0.5s,1s, and 2 s, based on your
solution from part 2(a).

(6 Marks)
Total 20 Marks

PLEASE TURN THE PAGE...
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Q3: First Order Differential Equation
Solve ONE of the TWO parts below:
Part 1:

(a) A cooling object is placed in a room with a constant ambient temperature of
T0om = 20° C. According to Newton’s Law of Cooling, the rate at which the
temperature T(t) of the object changes over time is proportional to the difference
between the object's temperature and the ambient temperature. The relationship
is given by:

dT

E = —k(T(t) — Troom)

where:
o k is the cooling constant, with a value of 0.1 min™1.
e T(t) is the temperature of the object at time ¢t (in min).

Given that the initial temperature of the object is T(0) = 100°C, solve for T(t) as a

function of time t.
(12 Marks)

(b) Determine the temperature of the object after t = 10 min and t = 20 min.
(8 Marks)

Total 20 Marks

Question 3 continues in the next page...

PLEASE TURN THE PAGE...
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Q3 continued
Part 2:

(a) A capacitor with capacitance C = 0.01 F is connected in series with a resistor R =
200 2 in an RC circuit. Initially, the capacitor has a charge such that the voltage
across itis V-(0) = 100V att = 0 s. The voltage across the capacitor is allowed
to discharge through the resistor after being disconnected from the power source.

The voltage across the capacitor V. (t) is governed by the following differential
equation:

av,
RC — =
C Tt +V:(t)=0

Substitute the values R = 2002 and € = 0.01 F into the equation and find the
general solution for V,(t).
(12 Marks)

(b) Given that at t = 0 s, the capacitor voltage V-(0) is 100V, find the fully defined
solution for V. (t) and determine the time constant, 7 = RC in s of the circuit.
(8 Marks)

Total 20 Marks

PLEASE TURN THE PAGE...
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Q4: Laplace Transforms

Solve ONE of the TWO parts below:
Part 1:

(a) A damped mass-spring system is modeled such that the velocity v(t) of a mass
m = 5 kg is influenced by a linear damper with a damping constant ¢ = 0.1 Ns/m.
The governing equation for the velocity v(t) is:

dv(t) ¢
a m’®

Given that the mass initially (t = 0 s) has a velocity of 10 m/s, use the method of
Laplace transforms to derive an expression for v(t).

(12Marks)

(b) Estimate the time t (in s) it takes for the velocity of the mass to decrease to
2m/s.
(8 Marks)

Total 20 Marks

Question 4 continues in the next page...

PLEASE TURN THE PAGE...
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Q4 continued

Part 2:

(a) Acharging inductor in an RL circuit is modeled by the following differential
equation:

dl

5
dt

+ 151 =90

where I (in A) is the instantaneous current through the inductor at time t (in s).

Given: initial condition, 1(0) = 0A whent =0s.

Use the method of Laplace transforms to derive an expression for I(t).
(12 Marks)

(b) Estimate the time t (in s) taken for the I to reach 4 A.
(8 Marks)

Total 20 Marks

PLEASE TURN THE PAGE...
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Q5: Fourier transform

A electro-mechanical vibration system generates a square pulse force F(t) applied
to a mass for a short duration. The force is modeled as:

F(t) =10, for —2<t<?2

f() =0, otherwise

(a) Sketch the waveform of the force signal F(t) and describe its key characteristics.
(6 Marks)

(b) Calculate the Fourier transform F(w) of the force signal and comment on the
frequency components of the force.
(14 Marks)

Total 20 Marks

PLEASE TURN THE PAGE....
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Q6: Matrices
Solve ONE of the TWO parts below:
Part 1:

A feedback control system for an amplifier circuit is represented by the following

differential equation:
dx D3
ac = "

where,

e tistimeins.

e Jis an eigenvalue.

e ¥ is an eigenvector.

e V, and V, represent the voltages in V at different points in the amplifier circuit.

a) Find the eigenvalues of matrix D.

(8 Marks)
b) Find the eigenvectors of matrix D.

(12 Marks)

Total 20 Marks

Question 6 continues in the next page...

PLEASE TURN THE PAGE...
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Q6 continued
Part 2:

The stability of a robotic arm with two joints is modelled by the following equation:

dx o
i Ex
where:
E= (_io —36)

e 6, and 6, represent the angular displacements of the joints in rad.
e tistimeins.
e Ais the eigenvalue used to assess the stability of the system.

(a) Find the eigenvalues of matrix E .

(10 Marks)
(b) Find the eigenvectors of matrix E.

(10 Marks)
Total 20 marks

PLEASE TURN THE PAGE...
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Q7: Simpson’s rule
Solve ONE of the TWO parts below:

Part 1:

The speed v of a piston in an engine varies with time t according to the table below:

Time - t (s) 0 0.5 1.0 1.5 2.0 2.5 3.0

Speed- v (m/s) 2.0 3.5 4.8 5.4 6.0 7.2 8.0

(a) Sketch the graph of speed v versus time t from the data given in the table and
annotate the graph appropriately.
(6 Marks)
(b) Find an approximate value for the displacement in m of the piston f03 v dt using

Simpson’s rule.

(14 Marks)
Total 20 Marks

Part 2:

The mean current, 7, flowing through a circuit is given by:

0.5
=— | vadt
04), ¥

o~

where, v is values of voltages measured at intervals of 0.1s as shown in the table
below.

Time - t (s) 0 0.1 0.2 0.3 0.4 0.5

Potential- v (V) 2.5 2.4 3.35 2.3 2.25 2.2

(a) Sketch the graph of the potential, v, versus time, t, from the data given in the
table and annotate the graph appropriately.
(6 Marks)

(b) Find an approximate value for the mean current, 7, in A using Simpson’s rule.
(14 marks)

Total 20 Marks
PLEASE TURN THE PAGE...
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Q8: Partial derivative and double integrals

(a) A heat transfer problem, the temperature T (in °C) at a point in a metal rod
depends on both position x (in m) and time t (in s). The temperature distribution
is given by:

T(x,t) = e %5 % sin(x)
Evaluate Z, so that:
oT  0°%T
4= 5x T oxar

If x=n/4andy =2s.
(10 Marks)

(b) A function f(x,y) represents the distribution of charge density (in C/m?) on a
square plate. The function is defined as:

x=5 ,y=7
f(x,y)zf f (4x2—-3y3+2)dydx
x=0 Yy=0

(10 Marks)

Total 20 Marks

END OF QUESTIONS

FORMULA SHEET FOLLOWS ON NEXT PAGES

PLEASE TURN THE PAGE...
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FORMULA SHEET
Partial Fractions
Fx) __A B
(x+a)(x+b) (x+a) (x+b)
F(x) A B C

(x+a)(x+b)? (x+a) (x+b) (x=h)

F(x) Ax+B

(x*+a) (x*+a)

Small Changes

Z="1u, v, w)
o oz oz

e = 7.&! ——Cﬂv + T.Lﬁi’
cu cv cw

Total Differential

Z="(u, v, w)

¢z cZ czZ
dz=—du+—dv+—dw
ou cV cw

Rate of Change

Z="1u, v, w)

dz_f.z du ¢z dv Jz dw

dt ou'dt ov dt ow  dt
Eigenvalues

|A-21=0

PLEASE TURN THE PAGE...
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Eigenvectars

(A-/AI)x, =0
Integration

[?f.ﬂdl' = v — rl‘.ﬁdx
Y dx Y dx

Simpson’s rule

To calculate the area under the curve which is the integral of the function
Simpson's Rule is used as shown in the figure below:

Parabolas

Ax  Ax  Ax

The area into n equal segments of width Ax. Note that in Simpson's Rule, n must be
EVEN. The approximate area is given by the following rule:

b
Ax
Area = ff(x)dx = ?(yo + 4y, + 2y, + 4y; + 2y, .+ 4y 1 + V)
a

Where Ax = b%a

PLEASE TURN THE PAGE...
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Differential equation

Homogeneous form:

ay +by+cy=20
Characteristic equation:

al’+bA+c=0

Quadratic solutions :

—b +Vb?% — 4ac
Az = 2a

i. Ifb?—4ac >0, A; and A, are distinct real numbers then the general solution
of the differential equation is:
y(t) = Aet1t 4+ Betat
A and B are constants.

i. Ifb?—4ac=0, A, =2, =1 then the general solution of the differential
equation is:
y(t) = e* (4 + Bx)

A and B are constants.

ii. 1fb?2—4ac <0, 4; and 1, are complex numbers then the general solution of
the differential equation is:

y(t) = e*[Acos(Bt) + Bsin(Bt)]

B —b p B V4ac — b2
@= 2a and f = 2a
A and B are constants.
Inverse of 2x2 matrices:
_Ja b
A= [c d

The inverse of A can be found using the formula:

1 _
A= ad — bc [—dc ab]

PLEASE TURN THE PAGE...
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Modelling growth and decay of engineering problem

C(t) = Coekt
k > 0 gives exponential growth

k < 0 gives exponential decay

First order system

y(©) = k(1—e7)

k
7s+1

Transfer function:

PLEASE TURN THE PAGE...



Page 17 of 19
School of Engineering

BEng Mechanical, Electrical and Electronic Engineering

Semester One Examination 2024/2025
Engineering Modelling and Analysis
Module No. AMES5014

Derivatives table:

_ = dy __ rr/,.
y = f(x) = = f'(z)
k, any constant 0
T 1
2 2x
3 3x2
n : i n—1
", any constant n  na
C;l' C'I
Ckr L_ekr
Inz = log, = -
sSin T COS T
sin kx kcos kx
cos T —sinzT
cos kx —ksin kx
- P, f)
tanxr = 2= sec® T
COST
tan kx ksec? kx
cosec T = — —cosec xr cot x
Sinr
secr = —& secrtan
COST
cotr = == —cosec?z
. - 1 simnTx 1
sin” T .
1—x=<
Cos_1 T —
. 1—z2

PLEASE TURN THE PAGE...
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Integral table:

f(z) J f(z)dz

k, any constant kx + ¢

T %2 —+C

2 T:—li— c

" 17-14—1 +c

1l = % In|z| + ¢

e’ et +c¢

ek %okr +c

cos T sinx + ¢
coskzx {— sinkx + ¢
sin x —cosT + ¢
sin kx — ,{ coskx + c
tan x In(secz) + ¢
sec x In(sec z + tanx) + «
cosec r In(cosec z—cot x) +
cot x In(sinx) + ¢
cosh = sinhz + ¢
sinh x coshz + ¢
tanh = Incoshz + ¢
coth x Insinhz + ¢
ﬁ % tan—! e -

PLEASE TURN THE PAGE...
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Laplace table:

Page 19 of 19

S(1) F(s) (1) F(s)
1 l ulr) e
s s
t L, o(1) 1
s
r|l -0
s
1
e® - [ sF(s)=f(0)
n! R
t"e" Goa) S0 5" F(s) = s£(0) - f'(0)
cos bt = ib2 (=)' f(1) F"s)
: b "
sin bt Toh u () f(t —c) e " F(s)
! S—a - §
e“cos bt G—ay +8° e f(1) F(s—c¢)
.- b -Ccs
e sinbt (s—a)z e ot—c)f(1) e f(c)

PLEASE TURN THE PAGE...
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Fourier Series

The periodic square wave with Fourier Series and the coefficients of the Fourier Series

y

2m 4m t(s)

The function which represent the periodic square wave can be represented by
y=f()
Period of the function:

sec
T =2n

cycle
Fourier series of the function:
f(t) = ay + a; cos(t) + a, cos(2t) + a cos(3t) + -+ + a,, cos(nt)
+b, sin(t) + b, sin(2t) + b3 sin(3t) + -+ b, sin(nt)
Where, n = 1,2,3,4,5, ... .....

Alternatively,

oo

f(t) =ay+ Z(an cos(nt) + b, sin(nt))

n=1

Fourier Coefficients:
1 T
=— t)dt
Ao Tj;) f(®)
2 T
a, = —j f(t) cos(nt) dt
T J,

T
b, = ; fo £(t) sin(nt) dt

PLEASE TURN THE PAGE...
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Useful Equations for Fourier transform

Fourier transform equation

F(w) = foof(t) e Jotde

Inverse Fourier transform equation

f() = %ffom F(w) e/*tdw

Euler’s formula for trigonometric identities

e/ = cos@ +jsin@

1. . .
i = — jé _ o—Jjo
sin @ 2] (e e )

1, . .
cos @ =§(619 + e‘19)

Where, j = v—1

For any arbitrary function

b
| oot -0y de = £

End of the Formula Sheet

END OF PAPER
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