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Question 1   
 

a) List three types of common mistakes that will cause a singular stiffness matrix. 
   (3 Marks) 

 
b) For the beam shown in Figure Q1, derive the member stiffness matrices for 

elements 1-2 and 2-3 in the global axes.      
           (5 Marks) 

 
c) Assemble the global stiffness matrix and global force vector and write the 

global system of equations in the global axes.                                     
(3 Marks) 

 
d) Apply the boundary conditions, and write the reduced global stiffness matrix 

for the beam.          
(2 Marks) 

 
e) Solve the reduced global stiffness matrix and find the angular rotations of 

nodes 2 and 3.   
     (5 marks) 
 

f) Find the support reactions at nodes 1, 2, and 3.   (3 Marks) 
 

g) Draw the bending moment diagram of the beam and show the values of the 
hogging and sagging moments in the beam.  
      (4 marks) 
The two beams have the same rigidity of EI = 1 kN.m2 

 
Total 25 Marks 

 
 
 
 

 
 

 
 
 
 
 
 
 

      Formulae to be used with Q1 are included in the next page. 
 

Question 1 continued next page …. 
 

Please turn the page …. 
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Question 1 continued…. 
 
The stiffness matrix for a beam of length L, rigidity EI, and excluding axial effect, is 
given by: 

 
 
                                                                                 
 
 
 
 
 
The force-displacement equation for a beam is: 
 
{𝑭𝑭} = [𝑲𝑲]{𝜹𝜹} + {𝑭𝑭𝒆𝒆𝑭𝑭}     

Fixed end forces for beam with uniform load w:   {𝑭𝑭𝒆𝒆𝑭𝑭} =

⎩
⎪
⎨

⎪
⎧ −𝒘𝒘𝒘𝒘 𝟐𝟐�

+𝒘𝒘𝒍𝒍𝟐𝟐
𝟏𝟏𝟏𝟏�

−𝒘𝒘𝒘𝒘 𝟐𝟐�

−𝒘𝒘𝒍𝒍
𝟐𝟐
𝟏𝟏𝟏𝟏� ⎭
⎪
⎬

⎪
⎫

 

 
 
 

Fixed end forces for beam with point load P at mid-span:   {𝑭𝑭𝒆𝒆𝑭𝑭} =

⎩
⎪
⎨

⎪
⎧ −𝑷𝑷 𝟐𝟐�

+𝑷𝑷𝑷𝑷
𝟖𝟖�

−𝑷𝑷 𝟐𝟐�

−𝑷𝑷𝑷𝑷 𝟖𝟖� ⎭
⎪
⎬

⎪
⎫

 

 
 
 
Inverse matrix (2x2) of  𝐴𝐴 =  �𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑� is  𝐴𝐴−1 = 1
det (𝐴𝐴)

� 𝑑𝑑 −𝑏𝑏
−𝑐𝑐 𝑎𝑎 � 

 
𝑑𝑑𝑑𝑑𝑑𝑑(𝐴𝐴) = �𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑� = 𝑎𝑎 × 𝑑𝑑 − 𝑏𝑏 × 𝑐𝑐 
 
 
 
 
 
 

Please turn the page …. 
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Question 2    

a) Explain how nodal numbering can improve the speed and efficiency of a finite 
element analysis.                                                                                 (3 marks) 
       

b) Identify the symmetry lines in the two-dimensional truss shown in Figure Q2a 
and explain your choice.    
Discuss the advantages and disadvantages of whether it is possible to reduce 
the complete truss to one half or one quarter before laying out a finite element 
model. Draw the reduced finite element model indicating, with rollers or fixed 
supports, which kind of displacement boundary conditions you would specify on 
the symmetry line.    
     (5 Marks) 

 

 
 

Figure Q2a 
 

c) For the beam shown in Figure Q2b, the nodal displacements have been 
calculated in meters and radians as: 

 
 

          {𝑢𝑢} =

⎩
⎪
⎨

⎪
⎧
𝑣𝑣1
𝜃𝜃1
𝑣𝑣2
𝜃𝜃2
𝑣𝑣3
𝜃𝜃3⎭
⎪
⎬

⎪
⎫

=

⎩
⎪
⎨

⎪
⎧

0
−0.0076
−0.01

0
0

0.0076 ⎭
⎪
⎬

⎪
⎫

 

 
                                                       Figure Q2b 

 
i) Calculate the values of the shape functions for the beam for x = 1m and 
     x = 2m      (3 marks) 
 

    Question 2 continued next page …. 
Please turn the page …. 
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Question 2 continued 
 

 
ii) Plot (sketch) the vertical displacement  𝑣𝑣(𝑥𝑥) for the beam (both elements). 

      (5 marks) 
 

iii) Plot the rotation 𝜃𝜃(𝑥𝑥)  of the beam (both elements).  (6 marks) 
 
iv) Calculate the value of the bending moment at node 2.  (3 marks) 
 

       
Total 25 Marks 

 
 
The shape functions for the beam element are given by: 
 
𝑁𝑁 = [𝑁𝑁1 𝑁𝑁2 𝑁𝑁3 𝑁𝑁4] 
 
𝑁𝑁1 = 1 − 3𝑥𝑥2

𝐿𝐿2
+ 2𝑥𝑥3

𝐿𝐿3
       𝑁𝑁2 = 𝑥𝑥 − 2𝑥𝑥2

𝐿𝐿
+ 𝑥𝑥3

𝐿𝐿2
       𝑁𝑁3 = 3𝑥𝑥2

𝐿𝐿2
− 2𝑥𝑥3

𝐿𝐿3
     𝑁𝑁4 = −𝑥𝑥2

𝐿𝐿
+ 𝑥𝑥3

𝐿𝐿2
 

 
The vertical deflection and rotation vectors for beam element are given by: 

𝑣𝑣(𝑥𝑥) = [𝑁𝑁]{𝑢𝑢}      and    {𝑢𝑢} = �

𝑣𝑣1
𝜃𝜃1
𝑣𝑣2
𝜃𝜃2

� 

𝜃𝜃(𝑥𝑥) =  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑑𝑑[𝑁𝑁]
𝑑𝑑𝑑𝑑

{𝑢𝑢} = [𝐵𝐵]{𝑢𝑢} 
 
The bending moment and stress of a beam element are given by: 
 
𝑀𝑀 = 𝐸𝐸𝐸𝐸 𝑑𝑑

2𝑣𝑣
𝑑𝑑𝑥𝑥2

= 𝐸𝐸𝐸𝐸 𝑑𝑑
2[𝑁𝑁]
𝑑𝑑𝑑𝑑2

{𝑢𝑢}                
 
 
 
 
 
 
 
 
 

Please turn the page …. 
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Question 3            
 
A 2-node bar element has length L and Young’s modulus E. The cross-sectional area A 
varies linearly from A1 to A2 as shown in Figure Q3a and is given by: 
 
𝐴𝐴(𝑥𝑥) = �1 − 𝑥𝑥

𝐿𝐿� �𝐴𝐴1 + �𝑥𝑥 𝐿𝐿� �𝐴𝐴2 
 

i) Show that the stiffness matrix of the bar element is: 
 

              [𝑘𝑘] =  
𝐸𝐸(𝐴𝐴1 + 𝐴𝐴2)

2𝐿𝐿 � 1 −1
−1 1 � 

  
           You will have to integrate:  

[𝐾𝐾] = ∫ BT(x)EA(x)B(x)dxL
0  

 
The shape function of a 2-node bar element is:  𝑵𝑵 =  ��𝟏𝟏 − 𝒙𝒙

𝑳𝑳� �, �𝒙𝒙 𝑳𝑳� �� 
 
The displacement function vector is  𝒖𝒖(𝒙𝒙) =  [𝑵𝑵] �

𝒖𝒖𝟏𝟏
𝒖𝒖𝟐𝟐�   and   𝑩𝑩(𝒙𝒙) = 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅
 

 
(10 marks) 

 
 

 
 

Figure Q3a: Elevation view of the bar 
 
 
ii) A tapered bar has length 2L and its cross-sectional area varies linearly from 3A to 
2A, as shown in Figure Q3b. The thick end of the bar is fixed and a weight W hangs 
from the free end. The weight of the bar is negligible.  
Using 2-2node bar elements, calculate the displacements and stresses throughout the 
bar, and the reaction at the ceiling.  

(15 marks) 
Stress   𝜎𝜎 = 𝐸𝐸𝐸𝐸  
 
Strain   𝜀𝜀1=(𝑢𝑢2−𝑢𝑢1)𝐿𝐿  , 𝜀𝜀2=(𝑢𝑢3−𝑢𝑢2)𝐿𝐿 

Question 3 continued on next page… 
 

      Please turn the page …. 
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Question 3 continued…. 
 

 
 

Figure Q3b 
 

Total 25 Marks 
       

Question 4  
 
The frame of an office is shown in Figure Q4a; it consists of steel beams and columns 
on a 7m x 7m grid. Resistance to sway is provided on each 49 m long side by two 3.5m 
braced bays, as shown in Figure Q4a; bracing is also provided parallel to the 28 m 
side, but this is not considered in this question. 
Design Data: (loads are factored) 
Total design vertical load on roof is 5.88 kN/m2 

Total design vertical load on floor is 13.88 kN/m2 
Design wind loads on one bracing is shown in Figure Q4b.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure Q4a – Building dimensions and braced frame 
 

      
 Question 4 continued next page …. 

      Please turn the page …. 
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Question 4 continued…. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                  Figure Q4b – Wind loads on bracing 
 
Required tasks: 
 

a) Calculate the global initial sway imperfections factor ϕ of the frame.  
Assume number of columns in a row is 15. 
     (3 Marks) 

b) Calculate the equivalent horizontal forces (EHF) due to the sway imperfections 
in each floor level.  
       (5 Marks) 

c) By using the Eurocode 3 method, compute the sensitivity factor αcr, and check 
whether second order effects have to be considered or not.  
Comment on the results.     
     (10 Marks) 
 
The lateral displacements due to the horizontal loads at each floor level are: 
 

Level Lateral Displacement 
(mm) 

 
Roof 16.1 

3rd Floor  13.1 
2nd  Floor 9.3 
1st Floor 5.1 

 
Question 4 continues over the page…. 

 
Please turn the page …. 

13.86 kN 

27.72 kN 

27.72 kN 

30.03 kN 
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Question 4 continued…. 
 

d) The middle column at the ground floor is subjected to an axial design load of 
NEd = 1835 kN. The column is assumed to be pinned at both ends.  
 
i) Determine the buckling resistance of the column.                        

           (7 Marks) 
 

 
Column size is a hot finished 200x200x10 SHS of steel grade S355. 
 

  A= 74.9 cm2  
  h = 200 mm 
  t = 10 mm 
  Iy = Iz = 4470 cm4 
  E = 210 kN/mm2 
            fy = 355 N/mm2   , Partial safety factor  𝛾𝛾𝑀𝑀1 = 1 

  Critical load   𝑁𝑁𝑐𝑐𝑐𝑐 =  𝜋𝜋
2𝐸𝐸𝐸𝐸
𝐿𝐿𝑐𝑐𝑐𝑐2

   

Total 25 Marks 
     
 
Extracts from EC3 to be used with Question 4a, (b), and (c) are included in Appendix A 
and Extracts from EC3 to be used with Question 4d are included in Appendix B over 
the page…. 

 
 
 
 
 

END OF QUESTIONS 
 

 
 
 
 
 
 
 
 
 
 
 

Please turn the page for formula sheets …. 
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Appendix A 

 
Formulae sheet for instability of steel structures using Eurocode 3 to be used 
with Question 4(a), (b), and (c). 
  
Global initial sway imperfections 
 
∅ = ∅0𝛼𝛼ℎ𝛼𝛼𝑚𝑚 
 
𝛼𝛼0 =

1
200

 
 
𝛼𝛼ℎ = 2

√ℎ
;  with 0.66 ≤ 𝛼𝛼ℎ ≤ 1 ,  h is the height of the structure. 

 

𝛼𝛼𝑚𝑚 = �0.5(1 + 1
𝑚𝑚

)  , m is the number of columns in a row.  

 
Equivalent horizontal force at each floor level, EHF = ∅ × 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 
 
Sensitivity to sway,  𝛼𝛼𝑐𝑐𝑐𝑐 
 

𝛼𝛼𝑐𝑐𝑐𝑐 = �
𝐻𝐻𝐸𝐸𝐸𝐸
𝑉𝑉𝐸𝐸𝐸𝐸

� �
ℎ

𝛿𝛿𝐻𝐻,𝐸𝐸𝐸𝐸
� 

 
HEd   is the horizontal force. 
VEd   is the total deign vertical load on the structure on the bottom of the storey. 
δH,Ed  is the horizontal sway at the top of the storey due to the applied horizontal loads. 
h       is the storey height.  
 
𝟑𝟑 ≤ 𝜶𝜶𝒄𝒄𝒄𝒄 ≤ 𝟏𝟏𝟏𝟏  
sway effects cannot be ignored, wind and equivalent horizontal loads to be increased by the 
amplification factor: 

                
𝟏𝟏

𝟏𝟏− 𝟏𝟏 𝜶𝜶𝒄𝒄𝒄𝒄�
 

  
 
 
 
 
 
 

Please turn the page …. 
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Appendix B 
Extract from EC3 to be used with Question 4(d). 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Please turn the page …. 
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Appendix B continued … 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

END OF PAPER 
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