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Please attempt ALL FIVE questions.
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Tables for the normal distribution and the t distribution are included on pages
5 and 6.
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Question 1

Using Laplace transforms, solve the following second order linear differential
equation:

d2y
dt2  5

dy
dt  6y  2 sin t

Initial conditions:  at .y  0,
dy
dt  2 t  0

(20 marks)

Question 2

A filter in a control system has transfer function H (s)  s  30
s  50

(a) Find the response to the unit step function  for .x (t)  1 t  0

(7 marks)

(b) Find the response to the unit ramp function  for .x (t)  t t  0

(7 marks)

(c) If the input is a sine wave of frequency  radians per second, find  20
the gain and the phase shift of the filter.

(6 marks)
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Question 3

A virus has a prevalence of 1 in 250 of the population.

(i) Write down the probability that a person chosen at random from the
population is infected with the virus. (2 marks)

A test for the virus has been developed, which is 96% sensitive and 99%
specific.

(ii) Write down the probability that a person tests positive, given that they
are infected. (2 marks)

(iii) Write down the probability that a person tests positive, given that they
are not infected. (3 marks)

(iv) Calculate the overall probability that a person chosen at random from
the population tests postitive. (6 marks)

(v) Using Baye’s theorem, calculate the probability that a person is
infected, given that they have tested positive for the virus. (6 marks)

(vi) Calculate the probability that a person is not infected, given that they
have tested negative for the virus. (6 marks)

Question 4

In a population, it has been found that the red blood cell count (RBC) is
normally distributed with a mean of  cells per litre, and a  5.05  106

standard deviation of  cells per litre.  0.43  106

(a) State, with reasons, whether or not an RBC of  cells per litre5.83  106

should be considered abnormally high for a person chosen from the
population, at the 5% significance level. (6 marks)

(b) A sample of six people chosen at random from the population had the
following RBC counts in millions of cells per litre:

(i) Calculate the sample mean.  Find the standard error of the
sample mean based on the standard deviation of the population.

(6 marks)

(ii) State, with reasons, whether or not this sample should be
considered abnormal, at the 5% significance level.

(6 marks)
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Question 5

In a population who are not taking medication, the mean blood serum
concentration of sodium is mmol/L (millimoles per litre).  139.8

A new diuretic medication has been developed.  There is concern that this
may cause abnormally low levels of blood serum concentration of sodium as a
side effect.

A sample of nine patients taking the new medication have been examined,
and their sodium concentations in millimoles per litre were as follows:

133.7137.3135.3132.2144.4140.4135.2137.1139.2

(i) Find estimates of the mean and standard deviation of sodium
concentration for the population of those who are taking the medication.

(6 marks)

(ii) Calculate the standard error for the sample of nine patients.

(2 marks)

(iii) Using the t distribution, determine whether or not the sodium levels in
the sample are abnormally low, compared with the general population, 
at the 5% significance level.

(6 marks)

(iv) Explain how it would affect the conclusion, if stronger evidence of a
reduction in blood serum sodium concentration was required by
adopting a 1% significance level.

(3 marks)
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Normal Distribution

Table gives , the probability of a score greater than 1 (z) z

0.0010.0010.0010.0010.0010.0010.0010.0010.0010.0013
0.0010.0010.0010.0020.0020.0020.0020.0020.0020.0022.9
0.0020.0020.0020.0020.0020.0020.0020.0020.0020.0032.8
0.0030.0030.0030.0030.0030.0030.0030.0030.0030.0032.7
0.0040.0040.0040.0040.0040.0040.0040.0040.0050.0052.6
0.0050.0050.0050.0050.0050.0060.0060.0060.0060.0062.5
0.0060.0070.0070.0070.0070.0070.0080.0080.0080.0082.4
0.0080.0090.0090.0090.0090.010.010.010.010.0112.3
0.0110.0110.0120.0120.0120.0130.0130.0130.0140.0142.2
0.0140.0150.0150.0150.0160.0160.0170.0170.0170.0182.1
0.0180.0190.0190.020.020.0210.0210.0220.0220.0232
0.0230.0240.0240.0250.0260.0260.0270.0270.0280.0291.9
0.0290.030.0310.0310.0320.0330.0340.0340.0350.0361.8
0.0370.0380.0380.0390.040.0410.0420.0430.0440.0451.7
0.0460.0460.0470.0480.0490.0510.0520.0530.0540.0551.6
0.0560.0570.0580.0590.0610.0620.0630.0640.0660.0671.5
0.0680.0690.0710.0720.0740.0750.0760.0780.0790.0811.4
0.0820.0840.0850.0870.0890.090.0920.0930.0950.0971.3
0.0990.10.1020.1040.1060.1070.1090.1110.1130.1151.2
0.1170.1190.1210.1230.1250.1270.1290.1310.1340.1361.1
0.1380.140.1420.1450.1470.1490.1520.1540.1560.1591
0.1610.1640.1660.1690.1710.1740.1760.1790.1810.1840.9
0.1870.1890.1920.1950.1980.20.2030.2060.2090.2120.8
0.2150.2180.2210.2240.2270.230.2330.2360.2390.2420.7
0.2450.2480.2510.2550.2580.2610.2640.2680.2710.2740.6
0.2780.2810.2840.2880.2910.2950.2980.3020.3050.3090.5
0.3120.3160.3190.3230.3260.330.3340.3370.3410.3450.4
0.3480.3520.3560.3590.3630.3670.3710.3740.3780.3820.3
0.3860.390.3940.3970.4010.4050.4090.4130.4170.4210.2
0.4250.4290.4330.4360.440.4440.4480.4520.4560.460.1
0.4640.4680.4720.4760.480.4840.4880.4920.4960.50
0.090.080.070.060.050.040.030.020.010z
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The t distribution

The rows are labelled with the number of degrees of freedom.

Each column shows the minimum values of the t statistic for significance at the level
stated in the column heading.

3.382.752.461.71.310.850.6830
3.3962.7562.4621.6991.3110.8540.68329
3.4082.7632.4671.7011.3130.8550.68328
3.4212.7712.4731.7031.3140.8550.68427
3.4352.7792.4791.7061.3150.8560.68426
3.452.7872.4851.7081.3160.8560.68425
3.4672.7972.4921.7111.3180.8570.68524
3.4852.8072.51.7141.3190.8580.68523
3.5052.8192.5081.7171.3210.8580.68622
3.5272.8312.5181.7211.3230.8590.68621
3.5522.8452.5281.7251.3250.860.68720
3.5792.8612.5391.7291.3280.8610.68819
3.612.8782.5521.7341.330.8620.68818
3.6462.8982.5671.741.3330.8630.68917
3.6862.9212.5831.7461.3370.8650.6916
3.7332.9472.6021.7531.3410.8660.69115
3.7872.9772.6241.7611.3450.8680.69214
3.8523.0122.651.7711.350.870.69413
3.933.0552.6811.7821.3560.8730.69512
4.0253.1062.7181.7961.3630.8760.69711
4.1443.1692.7641.8121.3720.8790.710
4.2973.252.8211.8331.3830.8830.7039
4.5013.3552.8961.861.3970.8890.7068
4.7853.4992.9981.8951.4150.8960.7117
5.2083.7073.1431.9431.440.9060.7186
5.8934.0323.3652.0151.4760.920.7275
7.1734.6043.7472.1321.5330.9410.7414
10.215.8414.5412.3531.6380.9780.7653
22.339.9256.9652.921.8861.080.8162
318.363.6631.826.3143.0781.37611

0.1%0.5%1%5%10%20%25%
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