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PAST EXAMINATION PAPER



1. (a) In the general linear Lie algebra  the product is given bygl(n, R)

[A, B]  AB  BA

Show that this product is anti-commutative.

(2 marks)

Show that this product satisfies the Jacobi identity.

(10 marks)

(b) A real matrix is skew-symmetric if .AT  A

Let  be the set of  real skew-symmetric matrices.o(n) n  n

Show that  is a subspace of  .o(n) gl(n, R)

(5 marks)

Show that  is a Lie subalgebra of  .o(n) gl(n, R)

(3 marks)

(c) Explain carefully why the dimension of  as a real vector o(n)
space is given by

.dim o(n)  1
2 n(n  1)

(5 marks)
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2. (a) Let  be a smooth homomorphism of matrix groups, and  : G  H
let TG and TH be the tangent spaces of G and H respectively.

We may define a mapping   byT : TG  TH

T( (0))  (  ) (0)

Show that  is a linear transformation.T

(12 marks)

(b) Let A be an  real matrix with trace 0.n  n

Show that A belongs to the tangent space of the special linear 
group .SL(n, R)

You may use the fact that  for any square matrix A.det exp A  e tr A

(5 marks)

(c) Explain what is meant by the centre of a group G.

Show that the centre of G is a subgroup of G.

Find the centre of the special unitary group .SU(5)

You may assume that all matrices in the centre are scalar matrices.

(8 marks)
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3. (a) Let A be a normed real algebra.

Prove that  for all .zx, y  x, zy x, y, z  A

You may use the fact that  for all .zx, zy  z, zx, y x, y, z  A

(8 marks)

(b) For the quaternions   and   q1  3  i  2j  k q2  1  3i  2j  k
calculate

(i) (ii)q1  q2 q1q2

(iii) (iv)q2q1 q1
1

(9 marks)

(c) By identifying the quaternions H with  we may define a linear R4

transformation  by multiplication by a quaternion.R4  R4

Find the matrix that represents the linear transformation 
 given by .f : R4  R4 f(v)  vq, where q  1  3i  5j  7k

(8 marks)
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4. (a) Define a mapping  by : HMat(2, R)  Mat(2, H)

(q A)  qA

Show that  is an algebra map.

By considering  show that  is injective.ker 

State the dimension of each of ,  and .H Mat(2, R) Mat(2, H)

Explain why it follows that  is surjective, and hence an 
isomorphism.

(8 marks)

(b) The algebra  has basis , where  andCl (2) 1, e1, e2, e1e2 e1
2  e2

2  1
.e2e1  e1e2

Show that (e1e2 )2  1.

By choosing a suitable basis for  show that this algebra is Mat(2, R)
isomorphic to .Cl (2)

Hence determine the structure of .Cl(4)

You may use the following:

Cl(n  2)  Cl nH

(11 marks)

(c)     Determine the structures of the Clifford algebras  and .Cl(12) Cl(20)

(6 marks)
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Page 5 of 5

School of Engineering
BSc (Hons) Mathematics
Semester 1 Examinations 2019/20
Further Linear Algebra
MMA6002

Exam 2019-20.lwp

PAST EXAMINATION PAPER




