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Q1 
 
The ordinary differential equation (ODE) describing the displacement x(t) in mm in 
function of time t of a voice box simulator can be modelled approximately by the 
equation below: 
  

�̈�𝑦(𝑡𝑡) − 15 �̇�𝑦(𝑡𝑡) + 56 𝑦𝑦(𝑡𝑡) = 24         
 
Given:  �̈�𝑦(𝑡𝑡), �̇�𝑦(𝑡𝑡) 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦(𝑡𝑡) 𝑎𝑎𝑎𝑎𝑎𝑎 𝑒𝑒𝑒𝑒𝑒𝑒𝑎𝑎𝑎𝑎 𝑡𝑡𝑡𝑡 0 at t = 0,  
 

a) Use the method of Laplace transforms to derive an expression for y(t) 
                                                                                                          (14 marks) 

b) Sketch how y(t) varies with time for the first 5 seconds.                     
(6 marks) 

 
Total 20 marks 

 
Q2 
 
It can be shown that a simple two degree of freedom electronic device in an 
electromagnetic field can be described by 𝑇𝑇� = 𝐾𝐾∅��⃗  where: 𝑇𝑇� and ∅��⃗  are torque and 
rotation column vectors respectively and K is the stiffness matrix. Using, 
 
 
𝑇𝑇�⃗ = � 60

−25� Nm   and    𝐾𝐾 = �1700 −600
−600 1900�Nmm / degree 

 
 
Calculate the displacement vector ∅��⃗   in radian. 
  Total 20 marks 

 
PLEASE TURN THE PAGE…… 
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Q3  
 
The output speed of a motor ω, in rad/s, is related to the step input angle ϴ, in radian, 
of the sensor by the following transfer function: 
 

𝜔𝜔(𝑠𝑠)
𝛳𝛳(𝑠𝑠)

=
15

4𝑠𝑠 + 2
 

 
 

                                                                                                           
                                                                                          
 
 

a) Determine the DC gain K and the time constant τ of the system.      
(6 marks) 

 
b) Calculate the speed indicated if the angle of the input sensor is 1.5 radians?  

                                                                                                            (7 marks) 
c) Determine the angle of the input sensor if the speed of the motor reaches 

75% of its maximum value.                                                                  
 (7 marks)  

 
Total 20 marks                 

 
                                                                                                            
Q4 
a) If 𝑧𝑧 = 𝑥𝑥 𝑠𝑠𝑠𝑠𝑎𝑎(𝑦𝑦),  ,  using the partial differentiation give the value of  
             

𝜕𝜕2𝑧𝑧
𝜕𝜕𝑦𝑦2

+ 𝑥𝑥𝑦𝑦 ∙
𝜕𝜕2𝑧𝑧
𝜕𝜕𝑥𝑥2

 

                                                                                               
𝐼𝐼𝐼𝐼  𝑥𝑥 = 𝜋𝜋  𝑎𝑎𝑎𝑎𝑎𝑎   𝑦𝑦 = 𝜋𝜋/4                                                                                

 (10 marks) 
 
b) Calculate the quantity of a crude oil extracted by a mechanical pump in three 

dimensions (xyz) that can be expressed by the volume V bounded above by the 
shape z=x2y2 and below by the rectangle R = {(x, y): 0 ≤ x ≤ 2, 0 ≤ y ≤ 3}.  

                                                                                                         (10 marks) 
 

Total 20 marks 
 

PLEASE TURN THE PAGE….. 
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Q5 
The stress 𝜎𝜎, in MPa, at a point in a body can be described by the following matrix A 
relative to the global co-ordinate system xyz.  
 
 

  𝐴𝐴 = �
3 2 0
4 1 0
5 0 1

� MPa 

 
   
 

a) Using an appropriate technique, show that the principal Eigen values (principal 
stresses, Maximum Stresses) at this point are: λ1 = 5 MPa, λ2 = 1MPa and λ3 = 
-1MPa. 
                                                                                                          (10 marks) 

b) Determine also the associated Eigen vector and the cosine direction of the 
largest principal stress. 
                                                                                                          (10 marks) 

 
Total 20 marks 

 
Q6 
 
Part of a valve regular operates at a frequency ω of 1.2 rad/s. If the equation of 
motion is given by: 

�̈�𝑦 + 2𝜁𝜁𝜔𝜔𝑛𝑛�̇�𝑦 +  𝜔𝜔𝑛𝑛2𝑦𝑦 = 0       
 
Given: 𝑦𝑦 𝑠𝑠𝑎𝑎 𝑚𝑚𝑚𝑚,    𝜁𝜁 = 0.15, 𝜔𝜔𝑛𝑛 = 1.5 𝑟𝑟𝑟𝑟𝑟𝑟

𝑠𝑠
,𝑦𝑦(0) = 1𝑚𝑚𝑚𝑚 , �̇�𝑦(𝑡𝑡) = 0 𝑚𝑚𝑚𝑚

𝑠𝑠
.  

 
a) Find the expression of the motion of the valve in function of time.  (14 marks) 

 
b) Sketch how y(t) varies with time for the first 7 seconds.                    (6 marks) 

  
Total 20 marks 

 
 
 
 
 
 
 

PLEASE TURN THE PAGE….. 
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Q7  
 
The pressure in a valve varies in relation to angular movement. The table and graph 
below show this variation. The work done W by the system is calculated as follows:  

 
𝑾𝑾 = 𝜹𝜹 ∙ 𝑨𝑨 

 
𝑨𝑨 = ∫ 𝑷𝑷 𝒅𝒅𝒅𝒅𝒅𝒅𝝋𝝋

𝒅𝒅𝝋𝝋 ,   the integral under the curve where 𝑷𝑷 is the pressure in KPa, 𝒅𝒅 is the 
angle in radians and 𝜹𝜹 is the constant in mm3. If 𝜹𝜹 is 2 x106 mm3, calculate: 

a) the work done in one cycle.                                                               (14 Marks) 
b) Also, if it takes one minute for a cycle what is the power rating of the valve? 

                                                                                                                       (6 Marks) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                                  
 
 
 
 

 Total (20 marks) 
 

PLEASE TURN THE PAGE….. 
 

                                                                                          
 
 
 
 
 
 
 
 
 

 

 



Page 6 of 13 
BEng (Hons) Mechanical, Electronic & Electrical Engineering 
Semester 1 Examination 2019/2020 
Engineering Modelling and Analysis 
Module No. AME5014 
 
Q8 
 
The following RC circuit is shown in which R= 200Ω and C=15μF.  
 
 
 
 
 
 
 
 
 
The voltage Vi =10 Volts. The charge of the capacitor in the circuit is described by 

the following 1st order differential equation:  
𝑎𝑎𝑉𝑉𝑜𝑜
𝑎𝑎𝑡𝑡

= 𝑘𝑘(𝑉𝑉𝑖𝑖 − 𝑉𝑉𝑜𝑜) 
 
Given: the coefficient k=1/RC and Vo (0)=0. 

 
a) Calculate the time required if the voltage at the generator is Vo =5 volts.                                                                                                           

(7 marks) 
 

b) Calculate the value of Vo after t=0.025s                                                
 (4 Marks)                                           

     
c) Determine the time required for Vo to increase from 3 Volts to 8 volts. 

                                                                                                                                (9 marks) 
 

Total 20 marks 
 

 
 
 

END OF QUESTIONS 
 

PLEASE TURN THE PAGE FOR FORMULA SHEETS…. 
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Formula sheet 
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Simpson’s rule 
To calculate the area under the curve which is the integral of the function 
Simpson's Rule is used as shown in the figure below:  
 
 
 
 
 
 
 
 
 
 
 
 
The area into n equal segments of width Δx. Note that in Simpson's Rule, n must be 
EVEN. The approximate area is given by the following rule: 
 

𝐴𝐴𝐴𝐴𝑒𝑒𝑎𝑎 = �𝐼𝐼(𝑥𝑥)𝑎𝑎𝑥𝑥 =
∆𝑥𝑥
3

(𝑦𝑦0 + 4𝑦𝑦1 + 2𝑦𝑦2 + 4𝑦𝑦3 + 2y4 … + 4y𝑛𝑛−1 + y𝑛𝑛)
𝑏𝑏

𝑟𝑟

 

 
Where  𝛥𝛥𝑥𝑥 = 𝑏𝑏−𝑟𝑟

𝑛𝑛
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Differential equation 
 
Homogeneous form: 

𝑎𝑎�̈�𝑦 + 𝑏𝑏�̇�𝑦 + 𝑐𝑐𝑦𝑦 = 0 
Characteristic equation: 

𝑎𝑎𝜆𝜆2 + 𝑏𝑏𝜆𝜆 + 𝑐𝑐 = 0 
 
Quadratic solutions : 

𝜆𝜆1,2 =
−𝑏𝑏 ± √𝑏𝑏2 − 4𝑎𝑎𝑐𝑐

2𝑎𝑎
 

 
i. If 𝑏𝑏2 − 4𝑎𝑎𝑐𝑐 > 0,  𝜆𝜆1 and 𝜆𝜆2 are distinct real numbers then the general solution 

of the differential equation is: 
𝑦𝑦(𝑡𝑡) = 𝐴𝐴𝑒𝑒𝜆𝜆1𝑡𝑡 + 𝐵𝐵𝑒𝑒𝜆𝜆2𝑡𝑡 

           A and B are constants. 
 

ii. If 𝑏𝑏2 − 4𝑎𝑎𝑐𝑐 = 0,  𝜆𝜆1 = 𝜆𝜆2 = 𝜆𝜆  then the general solution of the differential 
equation is: 

𝑦𝑦(𝑡𝑡) = 𝑒𝑒𝜆𝜆𝑡𝑡(𝐴𝐴 + 𝐵𝐵𝑥𝑥) 
 
           A and B are constants. 
 
iii. If 𝑏𝑏2 − 4𝑎𝑎𝑐𝑐 < 0,  𝜆𝜆1 and 𝜆𝜆2 are complex numbers then the general solution of 

the differential equation is: 
 

𝑦𝑦(𝑡𝑡) = 𝑒𝑒𝛼𝛼𝑡𝑡[𝐴𝐴𝑐𝑐𝑡𝑡𝑠𝑠(𝛽𝛽𝑡𝑡) + 𝐵𝐵𝑠𝑠𝑠𝑠𝑎𝑎(𝛽𝛽𝑡𝑡)] 
 

𝛼𝛼 =
−𝑏𝑏
2𝑎𝑎

   𝑎𝑎𝑎𝑎𝑎𝑎   𝛽𝛽 =
√4𝑎𝑎𝑐𝑐 − 𝑏𝑏2

2𝑎𝑎
 

            A and B are constants. 
 
 
 
Inverse of 2x2 matrices: 

 𝐴𝐴 = �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑎𝑎� 

 
The inverse of A can be found using the formula: 
 

  𝐴𝐴−1 =
1

𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑐𝑐
 � 𝑎𝑎 −𝑏𝑏
−𝑐𝑐 𝑎𝑎 � 
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modelling growth and decay of engineering problem 
 
𝐶𝐶(𝑡𝑡) = 𝐶𝐶0𝑒𝑒𝑘𝑘𝑡𝑡 
 
k > 0 gives exponential growth  
 
k < 0 gives exponential decay 
 
 
 
First order system 
 

𝑦𝑦(𝑡𝑡) =  𝑘𝑘(1 − 𝑒𝑒−
𝑡𝑡
𝜏𝜏) 

 

Transfer function:                                
𝑘𝑘

𝜏𝜏𝑠𝑠+1
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