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Q1.  Figure Q1 shows a frictionless pin-jointed structure consisting of 

three members. Pin-joints 1, 3, and 4 are fixed to rigid surfaces 

as shown in Figure Q1. A point force of 50 kN is applied to pin-

joint 2 at an angle of 60° as shown. All members have a cross-

sectional area of either A1 (150 mm2) or A2 (200 mm2). Young’s 

modulus for all members is 200 GN/m2.  

 

(a) Write down the element stiffness matrix for each member, and 

then assemble the overall stiffness matrix for the whole 

structure, clearly showing all its coefficients.  

 

(b) Calculate the displacement of point 2.  

 
(c) Describe briefly (without performing any calculations) how the 

strain in each element can be calculated.  

 
For a pin-jointed element, the element stiffness matrix [𝑘𝑒] can 

be written as follows:  

[𝑘𝑒]

= (
𝐴𝐸

𝐿𝑒
) [

cos2 𝜃 cos 𝜃 sin 𝜃
cos 𝜃 sin 𝜃 cos 𝜃 sin 𝜃

− cos2 𝜃 − cos 𝜃 sin 𝜃
− cos 𝜃 sin 𝜃 − sin2 𝜃

− cos2 𝜃 − cos 𝜃 sin 𝜃
− cos 𝜃 sin 𝜃 − sin2 𝜃

cos2 𝜃 cos 𝜃 sin 𝜃
cos 𝜃 sin 𝜃 sin2 𝜃

] 

 

where 𝐴𝑒 is the cross-sectional area of the element, 𝐸 is Young’s 

modulus, and 𝐿𝑒  is the length of the element. The angle 𝜃  is 

defined as the angle of inclination of the element measured anti-

clockwise from the horizontal axis.  
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Question 1 cont’d… 

 
Figure Q1  
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Q2.  Figure Q2 shows a rectangular plate ABCD of uniform thickness 

𝑡 which is rigidly clamped at the edges 𝑥 = 0 (i.e. AD) and 𝑦 = 0 

(i.e. AB) and free along the edges 𝑥 = 𝑎 (line BC). The plate is 

loaded by a uniform transverse pressure 𝑝 (in the 𝑧-direction). 

The transverse displacement 𝑤 , can be approximated by the 

following expression:  

 

𝑤 = 𝐶𝑥2𝑦2 

 

where 𝐶 is an arbitrary constant.  

 

(a) Using the principle of minimum total potential energy, 

determine the value of 𝐶.  

 

(b) Is the above displacement function for 𝑤  suitable for this 

problem? Give reasons.  

 

(c) Write down another possible approximation for 𝑤, and explain 

why it would be suitable for this problem.  

 

The strain energy per unit area of the plate is:  

 

1

2
𝐷 [(

𝜕2𝑤

𝜕𝑥2
)

2

+ (
𝜕2𝑤

𝜕𝑦2
)

2

+ 2𝜈
𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
+ 2(1 − 𝜈) (

𝜕2𝑤

𝜕𝑥𝜕𝑦
)

2

] 

 

where the flexural rigidity 𝐷 is defined as follows:  

𝐷 =
𝐸𝑡3

12(1 − 𝜈2)
 

𝐸 is Young’s modulus and 𝜈 is the Poisson ratio.  
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Question 2 cont’d… 
 

 
 

 
Figure Q2  
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Q3.  A circular plate uniform thickness 𝑡  and radius 𝑅  is rigidly 

clamped around its outer edge and loaded by a uniform 

transverse pressure 𝑃 as shown in Figure Q3. The transverse 

displacement 𝑤 can be approximated by the following function:  

 

𝑤 = 𝑐 [1 − 3 (
𝑟

𝑅
)
2

+ 2(
𝑟

𝑅
)
3

] 

 

where 𝑐 is a constant and 𝑟 is the radial distance from the centre 

of the plate.  

 

(a) Using the principle of minimum total potential energy, 

evaluate the value of 𝑐.  

 

 

(b) Is the above displacement function for 𝑤  suitable for this 

problem? Give reasons.  

 

(c) Write down another possible approximation for 𝑤, and explain 

why it would be suitable for this problem.  

 

The strain energy per unit area of the plate is:  

 

1

2
𝐷 [(

𝜕2𝑤

𝜕𝑥2
)

2

+ (
𝜕2𝑤

𝜕𝑦2
)

2

+ 2𝜈
𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
+ 2(1 − 𝜈) (

𝜕2𝑤

𝜕𝑥𝜕𝑦
)

2

] 

 

where the flexural rigidity 𝐷 is defined as follows:  

𝐷 =
𝐸𝑡3

12(1 − 𝜈2)
 

𝐸 is Young’s modulus and 𝜈 is the Poisson ratio.   
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Question 3 cont’d… 

 

 

Figure Q3  
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Q4.  Figure Q4 shows a typical thin-shell axisymmetric conical 

element. This type of element can be used for the analysis of 
axisymmetric internally pressurised thin conical shells. The 
deformation of the element is axisymmetric and dependent on 

the local coordinate 𝑠 along the element. The nodal variables for 
this element are the meridional displacement 𝑢 , the normal 
displacement 𝑣, and the slope 𝜃 (= 𝑑𝑣/𝑑𝑠). The meridional and 
normal displacements of the element can be approximated by 
the following polynomial expression:  
 

𝑢 = 𝐶1 + 𝐶2𝑠 

𝑣 = 𝐶3 + 𝐶4𝑠 + 𝐶5𝑠
2 + 𝐶6𝑠

3 
 

where 𝑠 is the local coordinate, and 𝐶1 to 𝐶6 are constants.  
 
(a) Express the nodal variables.  

 
(b) Using the principle of minimum total potential energy, show 

that the element stiffness matrix can be written in matrix form 
as follows:  
 

𝐾𝑒 = 2𝜋([𝐴]−1)𝑇 (∫[𝑋]𝑇[𝐷][𝑋]𝑟

𝐿𝑒

𝑑𝑠) [𝐴]−1 

 

where [𝐴] is a matrix containing the coordinates of the nodal 
points of the element and [𝐷]  is a matrix containing the 
material parameters, defined as follows:  
 

[𝜎] = [𝐷][𝜀] 
 

where [𝜎]  and [𝜀]  are the stress and strain vectors, 
respectively. Write down explicit expressions only for [𝐴] and 
[𝑋].  
 

(c) Discuss whether a quadratic polynomial expression for 𝑣 in 

terms of 𝑠 (instead of a cubic variation) can be used for this 
element. Give reasons.  

 

The strain energy per unit area of shell mid-surface is 
1

2
[𝜎]𝑇[𝜀] 

and the strain vector is defined as follows:  
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Question 4 cont’d… 
 

[𝜀] =

[
 
 
 
 
 
 
 
 

𝑑𝑢

𝑑𝑠
1

𝑟
(𝑢 sin 𝑎 + 𝑣 cos 𝑎)

𝑑2𝑣

𝑑𝑠2

1

𝑟
(sin 𝑎

𝑑𝑣

𝑑𝑠
 ) ]

 
 
 
 
 
 
 
 

 

 

 
 

Figure Q4  
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